Black Holes are neither Particle Accelerators nor Dark Matter Probes 
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It has been suggested that maximally spinning black holes can serve as particle accelerators, 
reaching arbitrarily high center-of-mass energies. Despite several objections regarding the practical 
achievability of such high energies, and demonstrations past and present that such large energies 
could never reach a distant observer, interest in this problem has remained substantial. We show 
that, unfortunately, a maximally spinning black hole can never serve as a probe of high energy 
collisions, even in principle and despite the correctness of the original diverging energy calculation. 
Black holes can indeed facilitate dark matter annihilation, but the most energetic photons can carry 
little more than the rest energy of the dark matter particles to a distant observer, and those photons 
are actually generated relatively far from the black hole where relativistic effects are negligible. 
Therefore, any strong gravitational potential could probe dark matter equally well, and an appeal 
to black holes for facilitating such collisions is unnecessary. 
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Introduction. Recently, Bahados, Silk, and West [T] 
(hereafter BSW) observed an interesting feature of the 
Kerr metric [5] describing the spacetime of a spinning, 
uncharged black hole. Whereas in the case of the 
Schwarzschild metric describing a nonspinning black hole 
[3] , the center-of- momentum (CM) energy E cm for collid- 
ing particles asymptotes to a finite limit for collisions ap- 
proaching the horizon, BSW showed that E cm diverges 
for collisions approaching the horizon of a maximally- 
spinning (i. e. extremal Kerr) black hole. In a followup 
paper to BSW [4], the authors attempted to calculate 
the flux reaching a distant observer from the annihilation 
of weakly interacting massive particles (WIMPs) in the 
vicinity of an intermediate mass black hole (IMBH). It 
was argued in BSW that such annihilations could probe 
Planck scale physics, but in [4] the authors made the less 
ambitious claims that colliding WIMPs around IMBHs 
could probe "high energies" , that the emission spectrum 
would likely peak near the WIMP rest mass, and that a 
detectable flux from these collisions could reach reason- 
able astronomical distances. 

Shortly after the appearance of BSW, several practi- 
cal objections to the proposed mechanism were raised in 
the literature. The authors of [5] and [B] observed that 
the BSW effect requires a truly extremal black hole to 
operate; any deviation from extremality reduces E cm to 
energies of O(10 mS) or less, with m x the mass of a col- 
liding particle. However, extremal Kerr black holes are 
thought not to exist in nature, due to the back-reaction 
from any infalling radiation [7] . Similarly, if an extremal 
black hole somehow managed to exist in perfect vacuum, 
a single collision would lower the spin below the extremal 
limit. Finally, it was suggested that gravitational radi- 
ation, which had been neglected in the BSW analyses, 
could significantly decrease the CM energy. More re- 
cently, [8 explicitly calculated the maximum energy that 
could reach a distant observer from a collision of infalling 
particles just outside the horizon of an extremal Kerr 



black hole. They showed that, while the collision does 
gain a modest amount of energy through the collisional 
Penrose process [5] , the gain is only a fraction of the ini- 
tial rest mass of the colliding particles. 

To the objections regarding the physics of the collision 
in the CM frame, we would add several more practical 
limitations. First, the physics of a Planck-energy colli- 
sion is completely unknown, but it would likely result 
in the formation of a black hole. If so, the newly formed 
black hole would either immediately merge with the orig- 
inal black hole, since it obviously will gravitate, or else it 
will evaporate, in which case the available energy will be 
divided among a menagerie of particles. Even if beyond- 
the-standard-model physics somehow avoids black hole 
formation, the kinetic energy will still gravitate through 
the nonlinear gravitational interaction of the infalling 
particles, as conjectured by [TO] and demonstrated nu- 
merically by [TT], so the collision product (s) would still 
likely merge with the original black hole. Furthermore, 
the enormous available energy in these collisions would 
likely mean that a menagerie of particles would be cre- 
ated and cascade even without the formation of a black 
hole. The branching ratios of such a collision event are 
completely unknown (and possibly unknowable), but the 
likelihood that such an event would simply yield two pho- 
tons seems unlikely. Also, the cross section for a Planck- 
energy collision is the Planck scale. Therefore, the den- 
sity of particles necessary to have a possibility of a single 
collision would be so enormous, that the particles would 
need to already be inside a common horizon with the 
original black hole. In order to remain outside a com- 
mon black hole, the density could not be high enough to 
facilitate Planck-energy collisions. 

Despite all of these practical objections, the BSW 
problem has drawn substantial interest from the theo- 
retical community. It was pointed out in [6] and shown 
explicitly in [8] that the limiting energy reaching an ob- 
server is approximately the rest mass of one of the col- 



2 



liding particles. However, this result does not negate 
the proposition that Kerr black holes could be unique 
probes for dark matter annihilation, as suggested in [4], 
if the peak frequency of the emitted spectrum in that 
case would tell us the mass of the annihilating parti- 
cles. Given the possible excess of gamma rays observed 
in Fermi data at WIMP-scale energies in dark matter 
subhaloes and the Galactic center [12], the details of an- 
nihilation energies around black holes is critical to under- 
stand. Unfortunately, we will show that, far from prob- 
ing the Planck scale, collisions occurring near the hori- 
zon of an extremal Kerr black hole will generally emit 
the lowest energies that reach a distant observer, due 
to gravitational redshifting. The dominant emission will 
occur at larger distances from the black hole, but still 
within the annihilation plateau, and the energy of the 
emission will indeed be peaked at the WIMP rest mass. 
Relativistic effects are therefore irrelevant for observing 
dark matter annihilation in the vicinity of black holes, 
as the black hole serves only as a potential well for accu- 
mulating dark matter at sufficient densities for frequent 
annihilation. Therefore, the physics of Kerr black holes, 
extremal or otherwise, plays no role in probing Planck- 
scale physics, nor does it inform our understanding of the 
nature of dark matter. 

Kerr geodesies and collisional versus emitted en- 
ergies. In the authors suggested that the collisional 
Penrose process, whereby a particle extracts energy from 
the spin of a Kerr black hole after a collision within the 
ergosphere, could enhance the BSW effect. However, it 
was recently shown that emitted massive particles can 
only gain ~ 30% of the initial rest energy of the infalling 
particles through the collisional Penrose process [5] . Fur- 
thermore, it is known that any electromagnetic emission 
resulting from the collision can only be enhanced by a 
small amount through superradiance (at most 4.4% 13 ), 
and constraining the collisional geometry can only alter 
the particle energies modestly and serves to diminish the 
energy of emitted photons |14| . Since these effects can- 
not play a significant role in studying the BSW effect, we 
follow the original approach used in [TJ [4] and investigate 
the behavior of "colliding" equatorial geodesies, where 
the infalling particles follow time- like geodesies until they 
collide, and their total energy in the CM frame is then 
imparted to two null geodesies. 

For equatorial geodesies in Kerr spacetime, the equa- 
tions of motion for the radial position and proper time 
are given in Boyer Lindquist coordinates by |15j 

^ = ±±y/T*-A(r* + {l-a)*) (l) 
I = \ (-«(«- + (^)£), 

(2) 

where X = r 2 +a 2 , T = Yj—la, A = S— 2r, I is the specific 
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FIG. 1: Radial velocity of several null geodesies as viewed 
by an observer at infinity. 

angular momentum of the incident particle, and a is the 
dimensionless spin parameter of the black hole; a = 
corresponds to a nonspinning Schwarzschild black hole, 
while a = 1 corresponds to an extremal Kerr black hole. 
We note that we are using geometrized units in Eqs. ([I]) 
and |2| and throughout this Letter, where G = c = M — 
1. In Fig. [T] we show several examples of radial geodesic 
velocities, as measured by a remote observer. This figure 
should compare to Fig. 3a in BSW, but we note some 
puzzling differences. Apart from the meaningfulness of 
the region r < 1 shown in BSW, the positive value of 
r for radii below, at, and above r = 1 seems to imply 
geodesies traveling outward through the horizon. Also, 
the nonzero values of r at r = 1 for some geodesies in 
BSW are difficult to understand, given that the infinite 
redshifting at the horizon should cause all derivatives to 
vanish. Using Eqs. ([!]) and (j2j), it is straightforward to 
expand dr/dt around r — 1, where we find 

+ -±<l^r + 0[ ( r-tf], (3, 

where sgn (dr/dt) = sgni. Therefore, dr/dt should van- 
ish for any I as r — > 1. If we instead assume that r is 
meant to denote dr/dr instead of dr/dt in BSW, this does 
not resolve the issue, since a corresponding plot of dr/dr 
also fails to agree with Fig. 3a in BSW. It is critical that 
the expressions for the velocity components be correct, 
since the collision energy in the CM frame is simply re- 
lated to the four-velocities of the particles through 

m 

Ecm = V2m x yjl- g^u^u^ . (4) 

Because our calculation of geodesies must be carried out 
correctly in order to calculate the quantities of primary 
interest, we show in Fig.[l]that dr/dt behaves as expected 
for all the geodesies of interest. Specifically, all cases have 
vanishing velocities as r — > 1, the £ = 3 case is shown to 
bounce off of the centrifugal barrier, and geodesies with 
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—2<^<2 succeed in falling into or escaping from the 
near-horizon region, with the critical I = + 2 geodesies 
having the minimal \dr/dt\ at each radius. Interestingly, 
despite the apparent disagreement of the radial veloci- 



ties shown in the figures, we ultimately agree with the 
expression for E cm in BSW. In terms of the variables we 
have adopted from [15], we find 



Erm — 
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T(£ 1 )T(e 2 ) - sgn^ sgal 2 y/V r (h)V r (e 2 ) 



(£i-a)(£ 2 -a) 



(5) 



where V r = T 2 — A (r 2 — (£ — a) 2 ). Defining the lapse 
a = dr/dt = \/—goo and inverting Eq. ([2]), we can easily 
relate the energy observed by a distant observer, Eoo, to 
E cm using 



(6) 



It was observed in [8] that while E cm grows without 
bound near the horizon, E^ is bounded to be only 
marginally larger than m x . However, by expanding 
Eqs. Q and (JgJ) to leading order in r — 1, 



E n 



•\/(4 + 2y2)(r-l)3 + o((r-l) 5 / 2 ) , (7) 

we see that although E cin diverges for r — > 1 for an ex- 
tremal black hole, E^ vanishes for small r — 1. If we 
take the formal limit r — > 1, a = 1, and we maximize the 
collision energies by choosing £i = 2 and £ 2 = — 2 and 
assuming only one photon escapes, we find E^ = m x . 
However, the infinite redshift at the horizon means the 
photon from this highly tuned collision takes an infinite 
time to reach the observer. As soon as we allow r — 1 to 
be very small, but nonzero, we see from Eq. Q that colli- 
sions at smaller radii lead to smaller E^ . Obviously, the 
limit r — > oo also yields E^ — m x , but here the photons 
actually reach the observer in finite time. Therefore, the 
most energetic emission that a distant observer receives 
is actually emitted far from the black hole, which is why 
we have stated that the black hole itself is a red herring, 
and any gravitational potential that causes dark matter 
to collect and annihilate will be just as effective as a dark 
matter probe. 

Equipped with the quantities necessary to calculate the 
properties for any equatorial collision, we first proceed to 
calculate the escape fraction for products of the collision 
as a function of the distance between the collision and the 
center of the black hole in Boyer-Lindquist coordinates. 
Specifically, we follow the procedure given in detail in 
Sec. Ill of [1] for calculating the range of angles around 
the perpendicular, A</>, inside of which an emitted pho- 
ton would escape to infinity (see also |5] and Box 25.7 of 
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FIG. 2: Escape fraction as a function of radius, a) shows 
the domain 1 < r < 10, whereas b) shows a zoomed-in view of 
1 < r < 1.1. Where the simple correction of a factor 2 plainly 
increases the escape fraction relative to [2] by 2 everywhere, 
the other corrections discussed in the text greatly diminish 
the escape fraction for r < 1.1, so that our calculated escape 
fraction is several orders of magnitude below that calculated 
in |4] for small radii. 



|16j). In using this result to calculate the overall fraction 
of collision-produced photons that can escape, we make 
two critical corrections to the calculation in [3]. In [3], 
the authors justifiably assume that infalling particles are 
confined to the equatorial plane of the black hole. They 
further assume that the emitted particles are also con- 
strained to the equatorial plane (as do the authors of [5] , 
incidentally). However, this latter assumption is unjus- 
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tified; since two photons will be emitted in the optimal 
case, their momenta out of the equatorial plane is con- 
strained to be equal and opposite, but need not be zero. 
We define A0 as in [3], to be the angle in the CM frame 
between the unit normal to the horizon within the equa- 
torial plane at the point of collision, and the trajectory 
corresponding to the maximum (minimum) specific an- 
gular momentum for a null geodesic to escape, I — 2(— 2). 
Assuming a collision with no net angular momentum, the 
authors of [3] assume the emission is equally likely to oc- 
cur across the full 2tt of the equatorial plane in the CM 
frame, so that the escape fraction EF is given by 



EF B sw = A</>/2tt . 



(8) 



Given the definition of A<p, emission artificially con- 
strained to the equatorial plane should actually have 
EF2D = 2EFbsw- However, more critically, the correct 
escape fraction is given by the ratio of the area of the sky 
circumscribed by a cone with apex angle A<f> to the full 
47r area, 



EF m = i(l-cosA0) = 



Acf) 



- O (Acb 4 



(9) 



Finally, if we wish to calculate the observed flux from 
the number of available infalling particles as done in [3] , 
we must calculate the escape fraction over some time in- 
terval. Here again we make a correction to the approach 
in [4], which implicitly assumes that the rate of emitted 
particles observed in the CM frame is the same as the 
rate observed by a distant observer. However, time runs 
far more slowly for the CM observer sitting just outside 
of the black hole horizon. Since the quantity of interest 
is the flux reaching a distant observer, any rate calcula- 
tion should use the time measured by the observer, rather 
than the time observed in the CM frame of the collision. 
The flux calculated in [3] must therefore be corrected by 
the lapse a, given by the inverse of Eq. ([2]), which relates 
the rate of clocks in the CM frame to the rate of clocks 
at an infinite distance, so that the observed flux is given 
by 



$ = q;$bsw , 
where, for convenience, we note that 

(r 2 + a 2 ) (r 2 - 2r + a 2 ) 

a(r,a,£) = 
a(r,l,£) = 



(10) 



r [r 3 + a 2 r + 2a(a - £)] 
(r- l) 2 (r 2 + 1) 
r(r 3 + r~2£ + 2) ' 



(11) 



In Fig. [2j we compare the various estimates of the es- 
cape fraction divided by a fixed reference time measured 
either in the CM frame (At) or by a distant observer 
(At), since this combined quantity is closely related to 
the flux of photons that an observer will measure. We 



note that both EF^d and EF^d reach unity for photons 
emitted from r > 4, which is expected for photons emit- 
ted beyond the centrifugal barrier of the Kerr potential, 
and which is contrary to the escape fraction calculated in 
[3]. The first correction relative to [3] is a trivial factor 
of 2 overall, but the correction from a 2D escape pie slice 
to a 3D escape cone and the correction to account for the 
slowing of clocks near black holes both serve to greatly 
diminish the escape fraction at small radii by several or- 
ders of magnitude. Therefore, we see that not only do 
the largest E cm collisions have the smallest -E^ , but they 
are also the least likely collisions to emit a photon that 
will eventually reach an observer. 

Given how diminished the true escape fraction is com- 
pared to [4], it is instructive to calculate the observed flux 
of photons and the collisional or observed energies for the 
full range of allowable infalling momenta and for collision 
locations spanning from just outside the black hole hori- 
zon at r = 1 + e (e <C 1) out to r = 10, which we show 
in Fig. [3] We again note that the authors of [4] calculate 
the flux emitted from the near-horizon region as viewed 
from the same location. However, the quantity of inter- 
est is the flux reaching a distant observer, so we instead 
calculate the flux <E> that reaches an observer at a dis- 
tance of 10 kpc. It is clear from Fig. |3]that the collisions 
with the largest E cm , which will lie in the contours with 
r < 1.1, have a vanishingly small flux above E cm ss 5m x , 
so energies much higher than the particle's rest mass are 
never probed. The particles with r < 1.1 that do manage 
to reach an observer actually have < m x /100. As an- 
ticipated, we see that all of the photons with Erx, « m x 
that reach a distant observer come from r > 1.1, so the 
large E cm just outside the horizon has no observational 
relevance. 

Conclusions. We have shown that, while particle colli- 
sions just outside the horizon of an extremal Kerr black 
hole can indeed reach arbitrarily high energies, the prod- 
ucts of those collisions never reach an observer. Em- 
ploying the extremely optimistic assumption that the 
collisions always produce only two photons, we have 
shown that the photons created near the horizon that 
do reach a distant observer have relatively low energies 
E cm ~ C( TO x) an( l Eoo < m x /100, and the most ener- 
getic photons to reach an observer have Eoo ~ 0(m x ) 
and originate far from the black hole. Therefore, ex- 
tremal Kerr black holes do not provide a means to ob- 
serve Planck scale physics, nor do they provide a unique 
probe for annihilating dark matter. 
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FIG. 3: Contours of energy and flux for 0<£<2 and 
1 <r < 10. a.) shows the CM energy and b.) shows the en- 
ergy measured at infinity versus the flux reaching an observer 
10 kpc away, assuming the outgoing photon carries half of the 
collision energy. 



